Graph-Theoretical Conditions for Inscribability and Delaunay Realizability

Michael B. Dillencourt^∗ Information and Computer Science Department University of California Irvine, CA 92717

Warren D. Smith NEC Research Institute 4 Independence Way Princeton, NJ 08540

Abstract

We present new graph-theoretical conditions for polyhedra of inscribable type and Delaunay triangulations. We establish several sufficient conditions of the following general form: if a polyhedron has a sufficiently rich collection of Hamiltonian subgraphs, then it is of inscribable type. These results have several consequences:

• All 4-connected polyhedra are of inscribable type.

• All simplicial polyhedra in which all vertex degrees are between 4 and 6, inclusive, are of inscribable type.

• All triangulations without chords or nonfacial triangles are realizable as combinatorially equivalent Delaunay triangulations.

We also strengthen some earlier results about matchings in polyhedra of inscribable type. Specifically, we show that any nonbipartite polyhedron of inscribable type has a perfect matching containing any specified edge, and that any bipartite polyhedron of inscribable type has a perfect matching containing any two specified disjoint edges. We give examples showing that these results are best possible.

March 10, 1993 Revised July 14, 1995

�The support of a UCI Faculty Research Grant is gratefully acknowledged.

1 Introduction

Delaunay triangulations, and the closely related family of polyhedra of inscribable type, are among the fundamental objects of computational and combinatorial geometry.^1 The problem of providing a graph-theoretical characterization of these structures is a longstanding open problem, dating back to René Descartes [15] and formally posed by Jakob Steiner [27]. A history of the problem and some related results can be found in [18].

Recently, there has been considerable progress on the problem. Jucovic̆ and S̆evec have established necessary and sufficient conditions for inscribability in the special case of quadrangular polyhedra satisfying certain constraints on their edge types [21]. Dillencourt [9] has shown that all Delaunay triangulations are 1-tough and have perfect matchings. He has also shown [8] that any outerplanar triangulation is realizable as a Delaunay triangulation or, equivalently, that any pyramid with a triangulated base is of inscribable type (the equivalence follows from Lemma 2.2, below). Rivin [24] has provided a numerical characterization of polyhedra of inscribable type as those polyhedra that admit a certain type of weighting (Theorem 2.1, below). Dillencourt and Smith have provided a graph-theoretical characterization of trivalent polyhedra of inscribable type, and a linear-time algorithm for recognizing them [12]. Nevertheless, a general graphtheoretical characterization has remained elusive. Examples given in [12] illustrate some of the subtleties involved.

In the present paper, we establish graph-theoretical conditions for inscribability and Delaunay realizability that considerably narrow the gap between the most general sufficient conditions and the strongest necessary conditions. In Section 3 of this paper, we establish several sufficient conditions. Our results say, roughly, that if a planar, 3-connected graph has a sufficiently rich collection of Hamiltonian subgraphs, then it is of inscribable type. These results imply, in particular, that any 4-connected planar graph is of inscribable type (Theorem 3.3), and that any triangulation without chords or nonfacial triangles has a combinatorially equivalent realization as a Delaunay triangulation (Theorem 3.6). In addition, we show that any simplicial polyhedron in which all vertices have degrees between 4 and 6, inclusive, is of inscribable type (Theorem 3.9).

In Section 4, we present several necessary conditions for inscribability. In particular, we show that a nonbipartite polyhedron of inscribable type has a perfect matching containing any given edge, and a bipartite polyhedron of inscribable type has a perfect matching containing any two given disjoint edges.

2 Preliminaries

Except as noted, we use the graph-theoretical notation and definitions of [2]. V (G) and E(G) denote the set of vertices and edges of a graph G, respectively. If S ∈ V (G), I(S) denotes the set of edges incident on some vertex in S, and N(S) denotes the set of all vertices adjacent to some vertex in S. If v ∈ V (G), I(v) and N(v) are shorthand for

1A polyhedron is of inscribable type if it has a combinatorially equivalent realization as the convex hull of a set of points on a sphere. This and other terms used in the introduction are defined in Section 2.

I({v}) and N({v}), respectively. |S| denotes the cardinality of a set S, and deg(v) = |N(v)| denotes the degree of a vertex v. A graph G is 1-tough [5] if for all nonempty S ⊆ V (G), c(G − S) ≤ |S|. (Here c(·) denotes the number of connected components.) G is 1-supertough if, for all S ⊆ V (G) with |S| ≥ 2, c(G − S) < |S|.

A Hamiltonian cycle in a graph is a spanning cycle. A graph is Hamiltonian if it has such a cycle. A graph is said to be k-Hamiltonian if removing any k vertices from it yields a Hamiltonian graph. A k-Hamiltonian graph is (k + 2)-connected. A famous theorem of Tutte [32, 33] asserts that any 4-connected planar graph is Hamiltonian, and that there is a Hamiltonian cycle passing through any two given edges incident on a common face. A refinement due to Nelson (see [30]) says that any 4-connected planar graph is 1-Hamiltonian. Recently, Thomas and Yu have extended this result by showing that any 4-connected planar graph is 2-Hamiltonian [28].

A triangulation is a 2-connected plane graph in which all faces except possibly the outer face are bounded by triangles. The Delaunay tessellation, DT(S), of a planar set of points S is the unique graph with V (G) = S such that the outer face is bounded by the convex hull of S, all vertices on the boundary of a common interior face are cocircular, the vertices of an interior face are exactly the points of S lying on the circumcircle of the face, and no points of S lie in the interior of a circumcircle of any interior face. DT(S) is said to be nondegenerate if it is a triangulation and all convex hull vertices of S are extreme points of S, degenerate otherwise. If DT(S) is nondegenerate, it is called the Delaunay triangulation. Elementary properties of the Delaunay tessellation/triangulation, and the more conventional definition as the dual of the Voronoi diagram, are developed in [1, 13, 23]. We call a triangulation Delaunay realizable if it is combinatorially equivalent to a Delaunay triangulation.

A graph G is polyhedral if it can be realized as the edges and vertices of the convex hull of a noncoplanar set of points in 3-space (a polyhedron). A famous theorem of Steinitz (see [16]) asserts that a graph is polyhedral if and only if it is 3-connected and planar. A polyhedron is trivalent if all its vertices have degree 3, simplicial if all its faces are triangles. A polyhedron is trivalent if and only if its dual is simplicial. A polyhedron is of inscribable type if it has a (combinatorially equivalent) realization as the edges and vertices of the convex hull of a noncoplanar set of points on the surface of a sphere in 3-space. Such a realization is called an inscription. Similarly, a polyhedron is of circumscribable type if it has a (combinatorially equivalent) realization as a polyhedron each of whose faces is tangent to a common sphere, and such a realization is called a circumscription. It is shown in [16] that a polyhedron is of circumscribable type if and only if its dual is of inscribable type.

We will say that a graph is of inscribable (respectively, circumscribable) type if it is polyhedral and if any polyhedron realizing the graph is of inscribable (respectively, circumscribable) type. A cutset in a graph is a minimal set of edges whose removal increases the number of components. A cutset is noncoterminous if its edges do not all have a common endpoint.

Theorem 2.1 (Rivin [24]; also see [20, 25, 26]) A graph is of inscribable type if and only if it is polyhedral and weights w can be assigned to its edges such that:

(W1) For each edge e, 0 < w(e) < 1/2.

(W2) For each vertex v, the total weight of all edges incident on v is equal to 1.

(W3) For each noncoterminous cutset C ⊆ E(G), the total weight of all edges in C is strictly greater than 1.

The following lemma describes the connection between Delaunay tessellations and graphs of inscribable type, using a different formulation from that in [3]. The proof is an immediate consequence of basic properties of stereographic projection [6]. The operation of stellating a face f in a plane graph G consists of adding a vertex inside the face f and then connecting all vertices incident on f to the new vertex.

Lemma 2.2 A plane graph G is realizable as DT(S) for some set S, with f as the unbounded face, if and only if the graph G^′ obtained from G by stellating f is of inscribable type.

The following theorem, which is proved in [11], characterizes the circumstances in which adding edges to graphs of inscribable type preserves inscribability. Here and throughout the paper, we assume that all bipartite graphs are 2-colored red and blue.

Theorem 2.3 ([11]) Let G be a graph of inscribable type. Suppose that H is obtained from G by performing any of the following transformations in such a way that H remains planar.

(T1) If G is nonbipartite, adding an edge to G.

(T2) If G is bipartite, adding a red-blue edge to G.

(T3) If G is bipartite, adding a red-red edge and a blue-blue edge to G.

Then H is of inscribable type. Moreover, given any inscription of G, there is an inscription of H that can be realized through an arbitrarily small perturbation of the vertices of the inscription G.

3 Sufficient Conditions

In this section, we establish several sufficient conditions for a polyhedral graph to be of inscribable type. Essentially, our results say that if a planar graph has the property that all the subgraphs obtained in a certain way are Hamiltonian, then the graph is of inscribable type.

We first show that any 1-Hamiltonian planar graph is of inscribable type (Theorem 3.1). This implies, among other things, that any 4-connected planar graph is of inscribable type (Theorem 3.3). Next we show that if a 1-Hamiltonian planar graph satisfies an additional technical restriction then it is Delaunay realizable (Theorem 3.4).

This implies that any 4-connected planar graph can be realized as a Delaunay tessellation (Theorem 3.5), and that any triangulation without chords or nonfacial triangles can be realized as a Delaunay triangulation (Theorem 3.6). We then establish a variant of the 1-Hamiltonian sufficiency theorem (Theorem 3.7), which implies an analogous sufficient condition for bipartite graphs (Theorem 3.8). Finally, we show that if a simplicial polyhedron satisfies certain “near regularity” constraints on its vertex degrees, then it is of inscribable type (Theorem 3.9).

Theorem 3.1 Any 1-Hamiltonian, planar graph is of inscribable type.

Proof Let G be 1-Hamiltonian and planar. Since G is 3-connected, it is polyhedral. Let v_1, . . ., v_n be the vertices of G. For i ∈ {1, . . ., n}, let Z_i be a Hamiltonian cycle through G − {v_i}. For each e ∈ E(G), let x_i(e) = 1 if Z_i passes through e, 0 otherwise, and let w(e) = ∑n i=1 x_i(e) 2(n − 1) . Let H be the subgraph of G consisting of those edges e for which w(e) > 0. By construction, H is 1-Hamiltonian, hence polyhedral. We claim that the function w, when restricted to E(H), satisfies conditions (W1)–(W3) of Theorem 2.1. Indeed, since each edge e is on at least one and at most n−2 of the Z_i, 0 < w(e) < (n−2)/(2(n−1)), so (W1) is satisfied. Since each vertex of H is on exactly n − 1 cycles, (W2) holds. Finally, every Z_i crosses each noncoterminous cutset at least twice, so the total weight across each cutset is at least n/(n − 1) > 1. Hence H is of inscribable type, by Theorem 2.1.

Since H is 1-Hamiltonian, it cannot be bipartite, so adding the edges of G − H to H preserves inscribability by Theorem 2.3. Hence G is of inscribable type.

Corollary 3.2 If k > 0, any k-Hamiltonian planar graph is of inscribable type.

Proof For k > 0, any (k + 1)-Hamiltonian planar graph is necessarily k-Hamiltonian. Indeed, if G is (k + 1)-Hamiltonian and planar, then G is (k + 3)-connected, so removing k − 1 vertices from G leaves a 4-connected graph. Since any 4-connected planar graph is 1-Hamiltonian, it follows that G is k-Hamiltonian. By induction, G is 1-Hamiltonian, hence of inscribable type by Theorem 3.1.

Notice that the only feasible values of k in Corollary 3.2 are 1, 2 and 3, since no planar graph can be 6-connected. Corollary 3.2 is false for k = 0, as there exist Hamiltonian polyhedra that are not of inscribable type, such as the stellated tetrahedron shown in Figure 1(a).^2 Thomassen has shown that there exist 1-Hamiltonian, planar graphs that are not Hamiltonian [29].

Theorem 3.3 Any 4-connected planar graph, and any 4-connected planar graph with 1 vertex removed, is of inscribable type.

2The fact that the stellated tetrahedron is not of inscribable type follows immediately from Theorem 3, page 286 of [16] or from Theorem 4.1, below.

(a) (b)

Figure 1: (a) The stellated tetrahedron is Hamiltonian, but not of inscribable type. (b) This graph is 1-Hamiltonian and has a Hamiltonian cycle passing through every edge, but it is not Delaunay realizable.

Proof The first assertion follows immediately from Theorem 3.1 and Nelson’s theorem that all 4-connected planar graphs are 1-Hamiltonian. The second assertion follows from Theorem 3.1 and the Thomas-Yu result that all 4-connected planar graphs are 2-Hamiltonian.

We note that a 4-connected graph need not be of circumscribable type. Examples are given in [12].

Our next goal is to show that any triangulation without chords or separating triangles is realizable as a Delaunay triangulation (Theorem 3.6). (A chord is an edge connecting two nonconsecutive vertices on the outer face, and a separating triangle is a nonfacial triangle). We first establish a more general theorem (Theorem 3.4). Before stating this theorem, we remark that it is best possible in the following sense: there exist graphs that are 1-Hamiltonian and have a Hamiltonian cycle passing through every edge but which are not realizable as Delaunay tessellations. One such example is the graph of Figure 1(b), which is not realizable as a Delaunay tessellation because the graph of Figure 1(a) is not of inscribable type.

Theorem 3.4 If G is planar and 1-Hamiltonian, F is a face of G, and there is a Hamiltonian cycle of G passing through any two consecutive edges on the boundary of F , then G is realizable as a Delaunay tessellation (with outer face F ).

Proof Let G and F be as in the statement of the theorem. Let v_i, i = 0, . . ., k − 1, be the vertices of G on the boundary of F , listed consecutively about the boundary of F . Let G^′ be the graph obtained by stellating face F , with v the stellating vertex. By Lemma 2.2, it suffices to prove that G^′ is of inscribable type. We construct a weighting of G^′ satisfying Theorem 2.1 in three steps.

Step 1: Let w be a weighting for G, satisfying conditions (W1)–(W3) of Theorem 2.1. Such a weighting exists by Theorem 3.1.

Step 2: For each i ∈ {0, . . ., k − 1}, let Z_i be a Hamiltonian cycle of G using the edges v_{i−1}v_i and v_iv_{i+1}, where the subscripts are taken modulo k. For each i ∈ {0, . . ., k − 1} and each e ∈ E(G), let y_i(e) = 1/2 if Z_i passes through e, 0 otherwise. Each function y_i(·) satisfies (W2), and it also satisfies (W1) and (W3) except that the inequalities are not strict. Let y(e) = w(e) + k ∑k_{−1} i=0 y_i(e) 1 + k^2

(3.1)

Since y is a convex combination of w and the y_i’s, y satisfies conditions (W1)–(W3). Also each edge e incident on F satisfies the inequality

y(e) ≥ k/(k^2 + 1) > 1/(2k). (3.2)

Step 3: Define a new weighting function x on E(G^′) by:

x(e) = y(e) if e ∈ E(G) and e is not part of the boundary of F y(e) − 1/(2k) if e ∈ E(G) and e is part of the boundary of F 1/k if e = vv_i for some i

It is clear that x(·) satisfies (W1) and (W2). Let C be any cutset in G^′. If C contains only edges of G that are not part of the boundary of F , then ∑ e∈C x(e) = ∑ e∈C y(e). Otherwise, C contains at least one edge incident on v for every pair of edges on the boundary of F , so ∑ e∈C x(e) ≥ ∑ e∈C y(e). Hence x(·) satisfies (W3), and the proof is complete.

Theorem 3.5 Any 4-connected planar graph is realizable as a Delaunay tessellation, with an arbitrary face as its outer face.

Proof This is immediate from Theorem 3.4, Nelson’s Theorem, and Tutte’s theorem.

Theorem 3.6 Any triangulation T without chords or nonfacial triangles is realizable as a Delaunay triangulation, with the nontriangular face as the outer face.

Proof If the outer face has valence 4 or more, then stellating the outer face yields a 4-connected graph, so the result follows from Theorem 3.3 and Lemma 2.2. If the outer face is a triangle, then T is 4-connected, so the result follows from Theorem 3.5.

We now turn to bipartite polyhedra. Since no bipartite graph can be 1-Hamiltonian, the preceding theorems do not apply in the bipartite case. Nevertheless, we establish an analog of Theorem 3.1 (Theorem 3.8, below), which is an immediate consequence of the following more general theorem.

Theorem 3.7 If a planar graph G has the property that removing any pair of adjacent vertices yields a Hamiltonian graph, then G is of inscribable type.

Proof Let m and n denote the number of edges and vertices of G, respectively. For each edge e = uv, let Z_e be a Hamiltonian cycle through G − {u, v}. Assume, for the moment, that every edge of G lies on at least one of the cycles Z_e. This assumption will be removed at the end of the proof.

For any edges e and e^′, define s_e(e^′) = 1 if Z_e passes through e^′, 0 otherwise. We first note that for any vertex v ∈ V (G), ∑ e0∈I(v) ∑ e∈E(G) s_e(e^′) = 2(m − deg(v)). (3.3)

To see that (3.3) holds, reverse the order of summation, and observe that for fixed e, ∑ e0∈I(v) se(e ′) = 0 if e ∈ I(v), 2 otherwise.

Next, we note that G is regularizable with sum m; that is, there is an assignment r(·) of positive values to edges such that for every v ∈ V (G), ∑ e0∈I(v) r(e^′) = m. (3.4)

Indeed, a regularizing function is given by

r(e^′) = 1 + 1 2 ∑ e∈E(G) s_e(e^′). (3.5)

This can be seen by summing the right-hand side of (3.5) over all e^′ ∈ I(v) and applying (3.3). Observe also that ∑ e∈E(G) r(e) = nm/2. (3.6) Now, define a weighting function w on E(G) by

w(e^′) = ∑ e∈E(G) r(e)s_e(e^′) (n − 2)m .

We claim that w(·) satisfies conditions (W1)–(W3) of Theorem 2.1. An argument similar to that used to establish (3.3) shows that for any fixed vertex v, ∑ e0∈I(v) ∑ e∈E(G) r(e)s_e(e^′) = ∑ e/∈I(v) 2r(e) = (n − 2)m. (3.7)

By (3.7), the total sum of the weights at a vertex v is 1, so (W2) holds.

If e^′ = (u, v) is an edge, then e^′ is missed by every cycle Z_e such that either u or v is an endpoint of e. Hence by (3.4) and (3.6), w(e^′) ≤ nm/2 − 2m + r(e^′) (n − 2)m < nm/2 − m (n − 2)m = 1/2, so (W1) holds.

To show that (W3) holds, let C be a noncoterminous cutset. There are two cases. The first case occurs when one of the components determined by removing C consists of a pair of adjacent vertices. In this case, since (W1) holds, the edge joining them must have weight < 1/2. Since (W2) also holds, it follows that C has total weight exceeding 1. In the remaining case, each cycle Z_e must cross C at least twice. Hence, by (3.6) the total weight of the edges in C satisfies ∑ e0∈C w(e^′) = ∑ e∈E(G) r(e) (n − 2)m ∑ e0∈C s_e(e^′) ≥ ∑ e∈E(G) 2r(e) (n − 2)m = n n − 2 > 1.

To complete the proof, we show that the assumption that all edges of G lie on some Z_e is unnecessary. Let H be the subgraph consisting of all edges lying on at least one Z_e. We have just shown that H is of inscribable type. By Theorem 2.3, the only way G could fail to be of inscribable type would be if H were bipartite, G were nonbipartite, and G were obtained from H by adding red-red edges (and possibly red-blue edges) but no blue-blue edges (with respect to an appropriate 2-coloring of H). But in this case, removing two adjacent red vertices from G would create a non-Hamiltonian graph, a contradiction. Hence G is of inscribable type and the proof is complete.

Define a bipartite graph to be red-blue-Hamiltonian if whenever a red vertex and a blue vertex are removed, the graph is Hamiltonian.

Theorem 3.8 If a planar bipartite graph is red-blue Hamiltonian, then it is of inscribable type.

Proof Immediate from Theorem 3.7.

We conclude this section by showing that if a polyhedron is “almost regular” in a certain sense, then it is of inscribable type.

Theorem 3.9 Every simplicial polyhedron in which every vertex has degree 4, 5, or 6 is 1-Hamiltonian and hence, by Theorem 3.1, of inscribable type.

Proof Let G be a simplicial polyhedron in which every vertex has degree 4, 5, or 6. If G is 4-connected, the result follows from Theorem 3.3. So we may assume G is not 4-connected, and hence has a nonfacial triangle, T .

Now consider the possible triplets of numbers of neighbors that the three vertices of T may have inside T , listed in descending order. The possible triplets are: (1, 1, 1), (2, 1, 1), (2, 2, 2), (3, 1, 1), (3, 2, 1), (3, 2, 2), (3, 3, 1), (3, 3, 2), and (3, 3, 3). We may eliminate (1, 1, 1) as a possibility because it would imply the existence of a vertex inside T of degree 3. It is easy to see that (2, 1, 1) and (3, 1, 1) are impossible in a simplicial graph G. It follows (by considering the inside and outside of T simultaneously) that the “complementary” pairs (3, 3, 3), (3, 3, 2), and (3, 3, 1) are also impossible.

Figure 2(a) shows the only way of realizing the triplet (2, 2, 1); it is not permissible, since there is a vertex of degree 3. This allows us to eliminate the “complementary pair” (3, 2, 2) as well. Finally, we claim that (3, 2, 1) cannot be realized. It it were, we would have the configuration shown in Figure 2(b). This configuration has a degree-3 vertex at A, so something must be added inside triangle ABC. Since C already has 5 incident edges, and all triplets containing a 1 except (3, 2, 1) have already been ruled out, the triangle ABC must have inside it a realization of a (3, 2, 1) triplet. Repeating the above argument shows that there must be a descending chain of triangles realizing (3, 2, 1) triplets. Moreover, the chain must continue forever, since if it stops there will be a degree-3 vertex. Since G is a finite graph, this is impossible. 2

2 1

3

2 1 B C

A

(a) (b)

Figure 2: Two nonrealizable degree labelings of triangles.

Thus we have shown that there is only one possibility: each vertex of T must have exactly two neighbors inside T and (by a symmetric argument) two outside. By repeating the argument, it follows that G must be a “string of pearls,” a nested sequence of triangles as shown in Figure 3. Such a graph is easily seen to be 1-Hamiltonian.

The “string-of-pearls” graphs introduced in the proof of Theorem 3.9 are not 4-connected, but their duals are bipartite and trivalent. It follows from [12, Theorem 3.1] that they are not of circumscribable type. So Theorem 3.9 is false if we replace “inscribable” with “circumscribable”. However, we have:

Corollary 3.10 Every simplicial polyhedron in which every vertex has degree 5 or 6 is of both inscribable and circumscribable type.

Proof Inscribability is a special case of Theorem 3.9. It follows from the proof of Theorem 3.9 that if G is a simplicial polyhedron in which every vertex has degree 5 or 6, then G is 4-connected. It is observed in [12] that any trivalent polyhedron with a 4-connected dual is of inscribable type (proof: assign each edge a weight of 1/3). This observation implies that G has a dual of inscribable type, so G is of circumscribable type.

Figure 3: A “string of pearls” graph.

4 Necessary conditions The following theorem is proved in [12].

Theorem 4.1 Any nonbipartite graph of inscribable type is 1-supertough.

The remaining results in this section assert the existence of perfect matchings in polyhedra of inscribable type. A perfect matching in an n-vertex graph is a set of ⌊n/2⌋ disjoint edges, where ⌊·⌋ denotes the “floor” function. We first state without proof the following lemma, taken from [9], which is an immediate consequence of Tutte’s famous characterization of a 1-factor [31]:

Lemma 4.2 Let G be a graph, and suppose that for each P ⊆ V (G), c_o(G − P ) ≤ |P | + 1 (4.1) where c_o(G − P ) is the number of components of G − P that have odd cardinality. Then G has a perfect matching.

Theorem 4.3 Any nonbipartite graph of inscribable type has a perfect matching containing any given edge.

Proof Remove an edge (and attached vertices) from a nonbipartite graph of inscribable type, and let G be the remaining graph. By Theorem 4.1, (4.1) holds for any subset P ⊆ V (G). Hence G has a perfect matching by Lemma 4.2.

Theorem 4.3 is the best possible, in the sense that we cannot always obtain a perfect matching containing two given disjoint edges (or, in the case of a graph with an odd number of vertices, a perfect matching containing a given edge and having a given third vertex as the unmatched vertex). Indeed, consider any graph of inscribable type with an even number of vertices and a nonfacial triangle abc that contains an odd number of vertices in its interior. There is no perfect matching in which a is matched with b and c is matched with a vertex outside triangle abc.

Theorem 4.3 is false if we replace “nonbipartite graph of inscribable type” with “Delaunay triangulation.” Indeed, consider any 4 points such that all 4 points are on the convex hull; the (unique) diagonal edge in the Delaunay triangulation cannot participate in a perfect matching.

A stronger version of Theorem 4.3 holds for bipartite graphs of inscribable type:

Theorem 4.4 Any bipartite graph of inscribable type has a perfect matching containing any two given disjoint edges.

Proof Suppose that G is bipartite and of inscribable type with 2n vertices. Two-color G red and blue. Since all graphs of inscribable type are 1-tough, G has n red vertices and n blue vertices. We claim that any collection of j ≤ n − 2 blue vertices has at least j + 2 neighbors. This claim implies the theorem. Indeed, let G^′ be any graph obtained from G by deleting two disjoint edges, the four endpoints of the two edges, and all edges incident on these four endpoints. The claim implies that any collection of j blue vertices in G^′ has at least j neighbors, so G^′ has a perfect matching by the Frobenius matching theorem ([22, page 6]).

To prove the claim, let w(·) be a weighting of the edges of G satisfying conditions (W1)–(W3) of Theorem 2.1, and let j ≤ n − 2. Let S be any set of j blue vertices, T its set of neighbors. If j = 1, |T | ≥ 3 since G is 3-connected, so assume j ≥ 2. The set of edges incident on T but not on S is a cutset. The total weight of this cutset is |T | − |S|, an integer. If it is 0, then since G is connected, |T | = |S| = n, contradicting the assumption that |S| ≤ n − 2. If |T | − |S| = 1, then (W3) implies that the cutset is coterminous, so |T | = n, |S| = n − 1, and the assumption is once again violated. So |T | − |S| ≥ 2, proving the claim and hence the theorem.

Theorem 4.4 is again best possible, as it is not always possible to find a perfect matching containing three given edges. For example, consider the cube: it is easy to select three disjoint edges so that the two unmatched vertices are diametrically opposite vertices. Clearly, these three edges cannot all participate in a perfect matching.

5 Remarks

Theorems 3.1 and 4.1 provide a pair of sufficient and necessary conditions that bracket the class of graphs of inscribable type. Specifically, Theorem 3.1 says that if G is planar and removing any vertex from G yields a Hamiltonian graph, then G is of inscribable type. Theorem 4.1 says that if G is of inscribable type, removing any vertex from G yields a 1-tough graph. It is well known that any Hamiltonian graph is 1-tough [5].

Lemma 2.2 suggests an alternative formulation of these two theorems. Let G be any triangulation with n vertices, and let G^′ be the simplicial planar graph obtained by stellating the outer face of G. Consider the family F of n + 1 triangulations that can be obtained by deleting a vertex of G. Theorem 3.1 says that if every one of the triangulations in F is Hamiltonian, then G^′ is of inscribable type and hence every triangulation in F (including G) is Delaunay realizable. Theorem 4.1 says that if G is Delaunay realizable, then every triangulation in F is 1-tough.

In view of the reformulation in the preceding paragraph, it is tempting to conjecture that there is some graph-theoretical property P, between Hamiltonicity and 1-toughness, such that a nonbipartite polyhedral graph is of inscribable type if and only if removing any vertex produces a graph with property P. A proof of some instantiation of this statement would totally solve Steiner’s problem, at least in the nonbipartite case. However, it is not clear what property P might be.

The existence of a relationship between Hamiltonicity and inscribability has been previously noted. For example, the graphs used to establish an upper bound of log_3 2 on the shortness exponent of simplicial polyhedra in [19] are exactly the same as the graphs used to establish the same upper bound on the noninscribability exponent of simplicial polyhedra in [17]. It was observed in [7] that any Hamiltonian polyhedral graph can be inscribed in a certain highly degenerate fashion: the graph can be realized as a polyhedron, “flattened” to a disk, with all the vertices lying on a common circle in an order determined by the Hamiltonian cycle. The results of Section 3 indicate that this relationship is rather strong. Nevertheless, there are limits to the extent of the relationship. In particular, it is an NP-complete problem to determine whether a polyhedron of inscribable type (or a Delaunay triangulation) is Hamiltonian [10].

We close with three open problems:

1. The methods of Section 3 are, in principle, constructive. In particular, a weighting of a 4-connected polyhedron satisfying conditions (W1)–(W3) can be found in quadratic time by repeatedly using algorithms from [4]. Once such a weighting is known, an inscription can be found in polynomial time [24]. Nevertheless, it would be useful to have faster methods for directly constructing inscriptions and Delaunay realizations of these polyhedra.

2. Does removing any pair of adjacent vertices from a bipartite graph of inscribable type leave a 1-tough graph? If so, this would provide a necessary condition for bipartite graphs to be of inscribable type. Such a condition would complement the sufficient condition of Theorem 3.8, analogous to the complementary relation between Theorems 3.1 and 4.1.

3. Can Theorem 3.9 be extended to include all simplicial polyhedra with 9 or more vertices in which all vertices have degree ≤ 6? The stellated tetrahedron of Figure 1(a), which has 8 vertices, is an example of a simplicial polyhedron with maximum degree 6 that fails to be 1-Hamiltonian. We conjecture that this is the only such example. We have verified this conjecture for all simplicial polyhedra with up to 15 vertices. Ewald has shown that any simplicial polyhedron with maximum degree ≤ 6 is Hamiltonian [14].

Acknowledgment

It is a pleasure to acknowledge stimulating conversations with Igor Rivin.

References

[1] F. Aurenhammer. Voronoi diagrams—a survey of a fundamental geometric data structure. ACM Computing Surveys, 23(3):345–405, September 1991.

[2] J. A. Bondy and U. S. R. Murty. Graph Theory with Applications. North-Holland, New York, NY, 1976.

[3] K. Q. Brown. Voronoi diagrams from convex hulls. Information Processing Letters, 9(5):223–228, December 1979.

[4] N. Chiba and T. Nishizeki. The Hamiltonian cycle problem is linear-time solvable for 4-connected planar graphs. Journal of Algorithms, 10(2):187–211, June 1989.

[5] V. Chvátal. Tough graphs and Hamiltonian circuits. Discrete Mathematics, 5(3):215–228, July 1973.

[6] H. S. M. Coxeter. Introduction to Geometry. John Wiley and Sons, New York, NY, second edition, 1969.

[7] H. Crapo and J.-P. Laumond. Hamiltonian cycles in Delaunay complexes. In J.-D.

Boissonnat and J.-P. Laumond, editors, Geometry and Robotics Workshop, pages 292–305, Toulouse, France, May 1988. Springer-Verlag Lecture Notes in Computer Science 391.

[8] M. B. Dillencourt. Realizability of Delaunay triangulations. Information Processing Letters, 33(6):283–287, February 1990.

[9] M. B. Dillencourt. Toughness and Delaunay triangulations. Discrete & Computational Geometry, 5(6):575–601, 1990.

[10] M. B. Dillencourt. The Hamiltonian-cycle problem for Delaunay triangulations is NP-complete. In Proceedings of the Fourth Canadian Conference on Computational Geometry, pages 223–228, St. John’s, Newfoundland, August 1992. To appear, in Discrete Applied Mathematics.

[11] M. B. Dillencourt and W. D. Smith. A simple method for resolving degeneracies in Delaunay triangulations. In Automata, Languages, and Programming: Proceedings of the 20th International Colloquium, pages 177–188, Lund, Sweden, July 1993. Springer-Verlag Lecture Notes in Computer Science 700.

[12] M. B. Dillencourt and W. D. Smith. A linear-time algorithm for testing the inscribability of trivalent polyhedra. International Journal of Computational Geometry & Applications, 5(1–2):21–36, March–June 1995.

[13] H. Edelsbrunner. Algorithms in Combinatorial Geometry, volume 10 of EATCS Monographs on Theoretical Computer Science. Springer-Verlag, Berlin, 1987.

[14] G. Ewald. Hamiltonian circuits in simplicial complexes. Geometriae Dedicata, 2(1):115–125, September 1973.

[15] P. J. Federico. Descartes on Polyhedra: A study of the De Solidorum Elementis, volume 4 of Sources in the History of Mathematics and Physical Sciences. Springer- Verlag, New York, NY, 1982.

[16] B. Grünbaum. Convex Polytopes. Wiley Interscience, New York, NY, 1967.

[17] B. Grünbaum and E. Jucovic̆. On non-inscribable polytopes. Czechoslovak Mathematical Journal, 24(99):424–429, 1974.

[18] B. Grünbaum and G. C. Shephard. Some problems on polyhedra. Journal of Geometry, 29(2):182–190, August 1987.

[19] B. Grünbaum and H. Walther. Shortness exponents of families of graphs. Journal of Combinatorial Theory, 14(3):364–385, May 1973.

[20] C. D. Hodgson, I. Rivin, and W. D. Smith. A characterization of convex hyperbolic polyhedra and of convex polyhedra inscribed in the sphere. Bulletin of the AMS, 27(2):246–251, October 1992. See also Erratum, Bulletin of the AMS, 28(1):213, January 1993.

[21] E. Jucovic̆ and S. S̆evec. Note on inscribability of quadrangular polyhedra with restricted number of edge-types. Journal of Geometry, 42(1–2):126–131, 1991.

[22] L. Lovász and M. D. Plummer. Matching Theory, volume 29 of Annals of Discrete Mathematics. North-Holland, Amsterdam, 1986.

[23] F. P. Preparata and M. I. Shamos. Computational Geometry: An Introduction.

Springer-Verlag, New York, NY, 1985.

[24] I. Rivin. A characterization of ideal polyhedra in hyperbolic 3-space. Preprint, 1992.

To appear in Annals of Mathematics.

[25] I. Rivin. On geometry of convex ideal polyhedra in hyperbolic 3-space. Topology, 32(1):87–92, January 1993.

[26] I. Rivin and W. D. Smith. Inscribable graphs. Manuscript, NEC Research Institute, Princeton, NJ, 1991.

[27] J. Steiner. Systematische Entwicklung der Abhängigkeit geometrischer Gestalten von einander. Reimer, Berlin, 1832. Appeared in Jakob Steiner’s Collected Works, 1881.

[28] R. Thomas and X. Yu. 4-connected projective-planar graphs are Hamiltonian. Journal of Combinatorial Theory Series B, 62(1):114–132, September 1994.

[29] C. Thomassen. Planar and infinite hypohamiltonian and hypotraceable graphs.

Discrete Mathematics, 14(4):377–389, April 1976.

[30] C. Thomassen. A theorem on paths in planar graphs. Journal of Graph Theory, 7(2):169–176, Summer 1983.

[31] W. T. Tutte. The factorization of linear graphs. Journal of the London Mathematical Society, 22:107–111, 1947.

[32] W. T. Tutte. A theorem on planar graphs. Transactions of the American Mathematical Society, 82:99–116, 1956.

[33] W. T. Tutte. Bridges and Hamiltonian circuits in planar graphs. Aequationes Mathematicae, 15:1–33, 1977.