W.D.Smith typeset 12:50 24 Jan 2004 quantum obstacle

An argument against quantum computers (or against certain decoherence models)

Warren D. Smith^∗

WDSmith@fastmail.fm

Abstract We present a fundamental theoretical obstacle that prevents quantum computers obeying 4 axioms from being more than a constant factor more powerful than classical ones. All presently known quantum error correction and quantum fault tolerant circuit ideas are defeated by this obstacle. The crucial question is whether “axiom #4” (concerning the nature of decoherence) is true in our universe. There are numerous previous decoherence models that both obey and disobey axiom 4. Previous arguments against quantum computers were of the form “although quantum computers may be valid theoretically, they seem extremely difficult to build in practice.” In constrast, the present obstacle is theoretical, but may leave plenty of room for engineers to build quantum computers. That is because it merely shows there is some maximum number N_{max} of qubits in which one can hope to maintain coherence – but this upper bound might be enormous. Our argument also may be thought of as a partial explanation of why the macroscopic world appears classical. For that purpose, even a bound as weak as N_{max} < 10^{30} still seems interesting.

Keywords — Quantum computers, quantum error correcting codes, quantum fault tolerance techniques, decoherence, Church’s thesis, quantum-classical transition, gravitational decoherence.

CLAIM: Any quantum computer made of qubits and qugates satisfying axioms 1-4 below, cannot have more than a constant factor more computational power than a classical computer. Axioms:

1. Suppose qubits cannot be smaller than some size (e.g. the size of an atom).

2. Suppose they cannot move faster than some speed (e.g. c = 299792458 meters/sec).

3. Suppose no quantum gate can operate faster than some constant time delay (e.g. 1 Angstrom divided by c).

4. Suppose any qubit with Δx “self-separation” will decohere at a rate R which goes to infinity as Δx → ∞.

Remarks about the axioms: Axiom 1 may be weakened: it will suffice if the radius f(N) of the smallest ball that can contain N qubits obeys lim inf_{N→∞} f(N) = ∞. Rigorous upper bounds on bit density are available [15]a. Axiom 2 may similarly be replaced by (weaker) bounds on information flux [15]b. Something like Axiom 3 is a consequence of the rigorous form of the energy-time uncertainty principle [15]c. Axiom 4 seems the crucial one and is discussed below. The argument: Any quantum computer (satisfying axioms 1-4) more than a constant factor more powerful than a conventional computer must by axioms 1 and 2 have qubits which enter superpositions of being in two locations which are widely separated (indeed further separated than any constant distance). Because: if not, each constant-size chunk of the quantum computer could be classically simulated, with only constant simulation slowdown. Similarly the number of such “wide” qubits must be greater than any constant. To make matters simple, consider some computation in which there must be qubits involved in state superpositions of the form: with probability ≈ 1/2 this qubit is here, and with probability ≈ 1/2 it is there (further than any constant distance apart). In that case, by axiom 4 any such qubit would decohere arbitrarily more quickly than any constant time delay. Meanwhile, “quantum error correction” circuits [11] require a constant number at least of gate delays to perform a correction. Hence these errors will be uncorrectable. Q.E.D.

Another way of looking at this: The rate of destruction of quantum information stored at large self-separation (axiom 4) outpaces, by arbitrarily large factors, the rate at which correction information can flow into the appropriate region (bounded by the speed of light, packing density limitations for quantum gates and wires, in axioms 1,2) and be used (axiom 3). Beyond some size limit, it becomes impossible for correction to outpace destruction. Q.E.D.

Discussion: Aharonov and Ben-Or [1] gave a somewhat similar, but longer and more complicated, argument. Their result states that in a certain model of qubits and their decoherence, any system in which all qubits decohere at some, sufficiently high, constant rate is simulable by a classical machine, with at most polynomial simulation:reality slowdown. (They proved

∗Some of this research done at Temple Univ. Math. Dept. Wachman Hall 1805 N.Broad Street Philadelphia PA 19122.

W.D.Smith typeset 12:50 24 Jan 2004 quantum obstacle

this for .97 decoherences per timestep per qubit, and gave experimental evidence .64 would suffice.) This statement neither logically subsumes nor is subsumed by mine, and more importantly they were not trying to draw any conclusion that quantum computers are impossible. (In contrast [11], in the same model but with their constant sufficiently small [≲10^{−6}] their decohering quantum systems can efficiently simulate decoherence-free noiseless qubit systems, and hence presumably [14] cannot be simulated efficiently by classical computers.)

I have had versions of this paper since the early days of quantum computing (≈ 1997). The present argument seems concisest. I showed it to Peter Shor and William Unruh. Shor argued in personal correspondence that “Mach’s principle” that all physics is local should prevent decoherence from being faster the further apart you go, i.e. my axiom 4 is false. That argument influenced me not to publish. However, I now point out that quantum mechanics (even for only one particle and without “measurements”) is somewhat nonlocal in the sense that the Aharanov-Bohm effect [13] depends on magnetic vector potential and not on magnetic field. That would appear to permit arbitarily faster dephasing of a more widely separated qubit. Furthermore, the new simple “gravitational decoherence” model presented at the end of this paper should make it clear that decoherence can unboundedly speed up with increased qubit self-separation. Several other (more complicated) decoherence models also obey axiom 4 (see list at end). In contrast, in all the models of decoherence used by the computer scientists (including Shor) in work [11] on quantum error correction and fault tolerance, qubits decohere at a constant rate at worst, not increasing unboundedly with distance. This computer science model of decoherence is, we claim, essential to make quantum error correction work, and indeed my argument and [1] show that. Such models, however, stand in direct contradiction to axiom 4.

Calling all this a “proof that quantum computers are dead” may be an overstatement in which case it would be more correct to regard it merely as an attention-focuser – identifying the crux theoretical question as axiom 4 re the nature of decoherence. The trouble is, despite occasional claims [23] by physicists that the interpretation of quantum mechanics, and the understanding of what “measurement” is, and how “decoherence” works, all are essentially solved problems, nevertheless from the rigorous viewpoint of a mathematician, these problems are not solved at all. Essentially, one is unable to find a single theorem in the area. (In contrast, quantum mechanics without measurement, and ignoring issues of interpretation, is fully rigorous [15]d.) Several physicists have suggested that quantum mechanics is incomplete and additional laws about decohorence need to be brought in. Depending on the nature of those new laws, quantum computers will be able or unable to defeat the Extended Church Thesis. Several physicists have made some simplifying approximations that hopefully do not greatly alter the gross behavior of quantum mechanics, and thereby got a “model” of decoherence. Many such models have been proposed [2][3][4][5][6][7][8][17][12][19][22][21][23]. They then tried to analyse their model (usually inexactly and with no rigorous understanding of the approximations involved) to get bounds or approximations to decoherences of certain kinds in certain kinds of environments.

Unfortunately, the models approximating physical reality the most closely [4] seem the hardest to analyse. The models with more complete analyses [20][7][17][18][19] sometimes output claims that contradict one another. Physicist’s models of decoherence incompatible with powerful quantum computers: Several decoherence models support axiom 4. In fact, some of the same physicists who proposed these models later wrote papers on quantum computers, apparently without noticing any contradiction. The Unruh-Zurek model [20] leading from quantum field theory to the socalled “master equation” [23] supports axiom 4, indeed indicating that decoherence rate behaves like |Δx|^2 for large |Δx|. Such dependence proportional to |Δx|^2 (or |Δp|^2) also arises in the simplest form (where L is a linear function of x and p; see §2.3.1 of [21]; the original reference is [8]), or the Diosi form [3], or several other forms [22] (including what [22] calls the “standard quantum Brownian motion equation” due to Caldiera and Leggett [2]) of the Lindblad master equation. Also, dependence proportional to |Δx| (or |Δp|) arises in N.Gisin et al.’s Hilbert-space stochastic dynamics approach (§2.4 of [21], same Ls; original reference [5]). Here x is position and p is momentum. Most reasonable “background fields” in the model of Stern et al [17] also support axiom 4. Any and all of these kinds of decoherence behavior would destroy quantum computers with superclassical power.

“Gravitational decoherence:” new, simple, and fundamental mechanism obeying axiom 4 Suppose a mass m is somehow completely shielded from neutrinos, cosmic rays, et cetera^1, and is sitting in the center of a perfectly symmetric radius-r sphere of perfect vacuum cooled near absolute zero. (We are aiming to maximize drama by making a scenario with the minimum possible amount of decoherence; then showing that even then, decoherence – of the computer-killing axiom-4 type – happens; and that this can be seen via physical arguments so simple as to be undeniable.) Suppose outside that sphere, but inside a much larger sphere of radius R, is the rest of the universe, consisting of matter of density ρ, i.e. total mass M = 4π(R^3 − r^3)ρ/3. Assume the rest of the universe is localized to within a Compton wavelength h/(Mc). (Actually in this formula it might be more realistic to use a thermal velocity well below c, but that would only affect our discussion by a constant factor.) Assume Newton’s laws of gravity and motion.

Our mass, if it were displaced by ±Δx, would exert different gravitational forces on the rest of the universe^2 which eventually would pull different parts of it different distances, and different by more than the universe’s Compton wavelength. Thus, the

1But it is believed that gravity cannot be shielded. Arguments against graviton shields were made by Smolin [16]. 2Actually, in this spherically symmetric scenario, the net gravitational force on our mass from the rest of the universe would be zero regardless of its location. (“Birkhoff’s theorem” in general relativity; known to Newton for Newtonian gravity.) Nevertheless, our mass does attract the rest of the universe radially inward, and if it is located non-centrally, it will attract the closer parts of the outside universe more strongly than than the further parts. That suffices.

W.D.Smith typeset 12:50 24 Jan 2004 quantum obstacle

rest of the universe would “measure” the fact that our mass had been displaced by +Δx versus −Δx, thus decohering it. It is easy to see^3 that force differences are proportional to Gmρ ln(R/r)Δx, so that the “measurement time” τ (i.e. time before a Compton wavelength separation opens up) is of order τ ≈ √ h/[cGmρ ln(R/r)Δx]. The “decoherence rate” is 1/τ, i.e. proportional to √ Δx. Note that the logarithmic dependence on r means it is exponentially expensive (i.e. infeasible) to try to reduce this decoherence rate. Because this rate increases unboundedly with |Δx|, this kind of decoherence obeys axiom 4 and disallows super-classical power quantum computers whose qubits are subject to it. Is this effect, since it is gravitational, extremely weak? Here is a numerical example. Let m = 10^{−12}gram and Δx = 1μm (bacterium). Let r = 10cm, R = 6400km (radius of Earth), and ρ = 5.5gram/cc (density of Earth). Then τ ≈ 20 nanoseconds. If, instead of c, one were to use 300meter/second (typical thermal velocity), then we would get τ ≈ 20 microseconds instead. It might be argued that Newton’s law of gravity requires 20 milliseconds to act (lightspeed transit time across an Earth radius). In any case (since bacteria and 20msec both are below human perception scales) this mechanism alone, despite its weakness, suffices to explain why the world appears classical.

There is an escape hatch. It may be possible to design wide-separated qubits each to have zero “gravitational dipole moment.” (Store qubits as rotation states^4 of buckyballs held in fixed locations; never move any particle, including photons, more than a constant distance?) In that case this effect would be evaded. But our argument nevertheless (1) is understandable using the physics of the year 1700, and (2) makes it crystal clear that decoherence mechanisms do exist that obey axiom 4. Further, this paper opens up the possibility that there is a big philosophical difference between quantum and classical computers. Our universe’s physical laws (assuming the universe’s size, available mass and energy, etc, are suitably infinite) in principle permit a Turing machine, or at least an exponentially large computer [15]e. But it may be that our universe’s physical laws do not permit constructing a quantum Turing machine.

References

[1] D.Aharonov & M.Ben-Or: Polynomial simulations of decohered quantum computers, Sympos. Foundations Computer Sci. 37 (1996) 46-55.

[2] A.O. Caldiera & A.Leggett: Path integral approach to quantum Brownian motion, Physica A 121 (1983) 587-616 & erratum 130 (1985) 374; Influence of damping on quantum interference: an exactly soluble model, Phys. Rev. A 31,2 (Feb 1985) 1059-1066; Quantum tunneling in a dissipative system, Annals of Phys. 149 (1983) 374-456 & erratum 153 (1984) 445; Influence of dissipation on quantum tunneling in macroscopic systems, Phys. Rev. Letters 46,4 (26 Jan 1981) 211-214.

[3] Lajos Diosi: Quantum Master Equation of Particle in Gas Environment, gr-qc/9403046

[4] R.P. Feynman and Frank Vernon: The theory of a general quantum system interacting with a linear dissipative system, Annals of Physics 24 (1963) 118-173.

[5] Nicolas Gisin: Quantum measurements and stochastic processes, Phys. Rev. Lett. 52 (1984) 1657-1660. [Followup papers by others: J.Phys. A 25 (1992) 5677-; Proc. Roy. Soc. Lond. A 447 (1994) 189-; J.Phys. A 28 (1995) 5401-.]

[6] D.Giulini, E.Joos, C.Kiefer, J. Kupsch, I-O. Stamatescu, H-D. Zeh: Decoherence and the Appearance of a Classical World in Quantum Theory, Springer-Verlag 1996.

[7] E.Joos & H.D.Zeh: The emergence of classical properties through interaction with the environment, Zeitschr. Phys. B (Cond.Matter) 59 (1985) 223-243.

[8] Göran Lindblad: On the generators of quantum dynamical semigroups, Commun. Math. Phys. 48 (1976) 119-130; On the existence of quantum subdynamics, J. Phys. A 29 (1996) 4197-4207.

[9] C.W.Misner, K.S.Thorne, J.A.Wheeler; Gravitation, Freemna 1973.

[10] J.P. Paz, S. Habib, W.H. Zurek: Reduction of the wave packet: preferred observable and decoherent timescale, Phys.

Rev. D 47 (1993) 488-501.

[11] J. Preskill: Reliable Quantum Computers (review article), Proc. Roy. Soc. Lond. A 452, 1969 (8 Jan 1998) 385-410.

(Special issue of PRS A on “Quantum Coherence and Decoherence.”)

[12] Alfred G. Redfield: On the theory of relaxation processes, IBM J. Res. & Devel. 1 (1957) 19-31. See also Redfield papers in Adv.Magn.Resonance 1,1 (1965) and Science 164 (1969) 1015. [Followup papers on Redfield picture by others: Phys.Rev. 112 (1958) 1599; 122 (1961) 1701; 132 (1963) 2073; 133 (1964) A1108; 145 (1966) 380; 153 (1967) 355.]

3From the facts that dipole forces fall off proportionally to distance^{−3}, the dipole moment in our case is proportional to mΔx, and integration. 4However, under general relativity (§19.2 of [9]) rotating objects exert an effect called “frame dragging” on gyroscopes in their surroundings, which, like dipole forces under Newtonian gravity, falls off like distance^{−3} .

W.D.Smith typeset 12:50 24 Jan 2004 quantum obstacle

[13] J.J.Sakurai: Modern quantum mechanics, Addison-Wesley 1994.

[14] P.W.Shor: Polynomial time algorithms for prime factorization and discrete logarithms on a quantum computer, SIAM J. Comput. 26 (1997) 1484-1509.

[15] Warren D. Smith:

papers downloadable electronically from http://math.temple.edu/∼wds/homepage/works.html and submitted for publication: a=#10: Fundamental physical limits on computation, b=#43: Fundamental physical limits on information storage, c=#44: The energy-time uncertainty principle, d=#49: Church’s thesis meets quantum mechanics, e=#74: Turing machine engineering and immortality.

[16] L.Smolin: On the intrinsic entropy of the gravitational field, General Relativity and Gravitation 17,5 (1985) 417-437. [17] Ady Stern, Yakir Aharonov, Yoseph Imry: Phase uncertainty and the loss of interference, a general picture, Physical Review A 41,7 (1990) 36-48.

[18] Max Tegmark: Apparent wave function collapse caused by scattering, Found. of Phys. Lett. 6,6 (1993) 571-590. [19] P.Ullersma: An exactly solvable model for Brownian motion, I: Physica 32 (1966) 27-55; II: 56-75; III: 76-89; IV: 90-96. [20] W.G. Unruh & W.H. Zurek: Reduction of a wave packet in quantum Brownian motion, Phys. Rev. D 40,4 (1989) 1071-1094.

[21] Ulrich Weiss: Quantum dissipative systems, 2nd ed. World Scientific 1999. (#2 in “Series in modern condensed matter physics.”)

[22] Ting Yu, Lajos Diosi, Nicolas Gisin, Walter T. Strunz: Post-Markov master equation for the dynamics of open quantum systems, Phys.Lett. A265 (2000) 331-336.

[23] W.H.Zurek: Decoherence and the transition from quantum to classical, Physics Today (October 1991) 36-44; also see April 1993 issue, 13-15 and 81-90. A followup paper is: Preferred states, predictability, classicality, and the environmentinduced decoherence, Progr. Theor. Physics 89,2 (Feb 1993) 281-312.

[24] W.H. Zurek: Pointer basis of quantum apparatus; into what mixture does the wave packet collapse? Phys. Rev. D 24 (1981) 1516-1525; Environment induced superselection rules, 26,8 (1982) 1862-1879.

. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .

Figure 1.